We introduce the complete lifts of maps between (real and complex)
account on harmonic maps we refer to [7] , [8] , [9] and the references therein. Harmonic morphisms are a special subclass of harmonic maps which preserve solutions of Laplace's equation in the sense that for any harmonic function f : U −→ R, defined on an open subset U of N with φ −1 (U) non-empty, f • φ : φ −1 (U) −→ R is a harmonic function. In other words, φ pulls back germs of harmonic functions on N to germs of harmonic functions on M. In the theory of stochastic processes, harmonic morphisms φ : (M, g) −→ (N, h) are found t! o be Brownian path preserving mappings meaning that they map Brownian motions on M to Brownian motions on N( [6] , [16] ). The following nice characterization of a harmonic morphism is due to Fuglede and Ishihara independently.
Theorem 1.1. ([10],[15])A map φ is a harmonic morphism if and only if it is both a harmonic and a horizontal weakly conformal map.
For a map φ : R m ⊃ U −→ R n between Euclidean spaces, with φ(x) = (φ 1 (x), ..., φ n (x)), the harmonicity and weakly conformality are just equivalent to the following conditions respectively:
For k, l = 1, 2, ..., n.
It is well-known that (i) if dim M < dim N then any harmonic morphism is a constant map, (ii) if dim M = dim N = 2, the harmonic morphisms are precisely the weakly conformal maps, (iii) if dim N = 1 they are precisely the harmonic maps, (iv) if dim M = dim N ≥ 3 they are precisely the homothetic maps( [10] , [15] ). Though the composition of harmonic maps does not generally turn out to be a harmonic map , we have
then Φ is a harmonic morphism if and only if φ is a harmonic morphism.
Since the equations determining a harmonic morphism form an overdetermined system of partial differential equations one should not expect to find too many examples of harmonic morphisms, however, one can easily check that all the maps in the following example are in this class.
(iv) The hyperbolic analogue of stereographic projection φ :
. . , x n ), and the radial projection φ : In recent years, much work has been done in classifying and constructing harmonic morphisms from certain model spaces to other model spaces (see e.g. [2] , [3] , [4] , [5] , [11] , [13] , [12] , [14] , [18] , [19] 
Complete Lifts and Their Properties
Definition 2.1.
where ∂φ i ∂x j (x) denotes the Jacobian matrix of φ at x.
Remark 2.2. (i) The complete lift of a map is a partial linear map in the sense that it depends linearly on half of its variables.
(ii) Let φ :
then the (complex) complete lift of φ can be defined similarly by using the complex Jacobian matrix.
It is well-known that C m can be identified with R 2m by identifying (z 1 , . . . , z m ) with (x 1 , y 1 , . . . , x m , y m ), where z k = x k + iy k . Thus any map φ : C m ⊃ U −→ C n can be identified with a map (called the real
where u k (x, y)and v k (x, y) are the real and imaginary parts of the kth
It should be noted that the operation of the complete lift and the above identification does not commute in general. In fact, the following is easily established: Example 2.4. The quaternion product q :
whilst the real complete lift of q r , viewed as a complex map, is given by
which is obviously different from Q .
Theorem 2.5. The complete lift of any holomorphic map
proof: It suffices to check that the component function
is holomorphic with respect to variables z 1 , . . . , z m , w 1 , . . . , w m . This amounts to check that the following equations
hold for l = 1, 2, . . . , n, k = 1, 2, . . . , m which is trivial and is omitted.
Theorem 2.6. The complete lift of any harmonic map φ :
, be a harmonic map, then we have m j=1 
where (hessφ α ) denotes the Hessian matrix of the component function
proof: At each point (x, y), the Jacobian matrix of Φ is given by
Where • denotes the inner product in Euclidean space. From this together with the horizontal weak conformality of φ it follows that Φ is horizontally weakly conformal if and only if the following equations hold
Note that Equations (6) and (7) express the identity of quadratics in y ′ i s, they are equivalent to the following equations
Now equations (8) and (9) are equivalent to the fact that the square of the Hessian matrix of φ α is the same for all α = 1, 2, . . . , n, while equations (10) and (11) just say that the product matrix (hessφ
is skew symmetric. On the other hand, since (hessφ α ) and (hessφ β ) are symmetric it is easily seen that (10) and (11) are, in fact, equivalent to (5) which ends the proof.
Examples and further results
In this section we give examples of harmonic morphisms whose complete lifts are harmonic morphisms. We prove that the complete lift of a quadratic harmonic morphism is always a quadratic harmonic morphism. This gives us a large class of harmonic morphisms between Euclidean spaces. Two counter examples are also given, and finally we use the complete lift of the quaternion product and the composition with the complex product to construct an example of harmonic morphism φ : R 16 −→ C which does not arise from any Kähler structure. (ii) φ :
viewed as a map between real Euclidean spaces can be written as
Then φ is a harmonic morphism (see [6] ) and its complete lift is given by Φ = (2x 1 y 1 +2x 2 y 2 −2x 3 y 3 −2x 4 y 4 , 2x 3 y 1 −2x 4 y 2 +2x 1 y 3 −2x 2 y 4 , 2x 4 y 1 + 2x 3 y 2 + 2x 2 y 3 + 2x 1 y 4 ).
One can easily check that Φ is also a harmonic morphism. (iii) The real complete lift of the quaternion product is again a harmonic morphism while the complex complete lift of the quaternion product is no longer a harmonic morphism. In fact, the real complete lift of q is
given by
It follows from Theorem 2.6 that Q r (x, y) is harmonic. Q r (x, y) is also horizontal weakly conformal as one can see this at a glance of its Jacobian matrix
.
On the other hand, the complex complete lift Q of q is given by
When viewed as a map between Euclidean spaces its Jacobian matrix can be calculated as
J(Q(x, y)) =      y 5 −y 6 0 0 y 1 −y 2 −y 3 −y 4 x 5 −x 6 −x 7 −x 8 x 1 −x 2 0 0 y 6 y 5 0 0 y 2 y 1 −y 4 y 3 x 6 x 5 x 8 −x 7 x 2 x 1 0 0 y 7 −y 8 0 0 y 3 y 4 y 1 −y 2 x 7 −x 8 x 5 x 6 0 0 x 1 −x 2 y 8 y 7 0 0 y 4 −y 3 y 2 y 1 x 8 x 7 −x 6 x 5 0 0 x 2 x 1     
Therefore, the complex complete lift of q is not horizontal weakly conformal though it is a harmonic map. (iv) The complete lift of the hyperbolic analogue of stereographic projection in Example 1.4 (iv) is not a harmonic morphism.
Note that the maps in (i) − (iii) of Example 3.1 are among a large class of harmonic morphisms whose complete lifts are always harmonic morphisms: proof: Let φ : R m −→ R n be a quadratic harmonic morphism, then by definition we can write
where X denotes the column vector in R m , X t the transpose of X and A i (i = 1, ..., n) is a symmetric matrix of m × m. We can write the Jacobian matrix of φ(X) as
By definition, the complete lift of φ can be written as
Now the harmonicity of Φ(X, Y ) follows from that of φ by Theorem 2.6. On the other hand, a routine calculation gives
where the second equality holds because of the fact that A i (i = 1, . . . , n)
is symmetric. From equation (13) 
whose complete lift were the quaternion product, then φ 1 (x), ..., φ 4 (x)
would satisfy the following systems of PDEs :
But this is impossible because, for instance, In fact,
and , 
